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Abstract:

e In Kamps [7] generalized order statistics (gos) have been introduced as a unifying
theme for several models of ascendingly ordered random variables (rv’s). The main
aim of this paper is to study the limit joint distribution function (df) of any two
statistics in a wide subclass of the gos model known as m-gos. This subclass contains
many important practical models of gos such as ordinary order statistics (oos), order
statistics with non-integer sample size, and sequential order statistics (sos). The
limit df’s of lower-lower extreme, upper-upper extreme, lower-upper extreme, central-
central and lower-lower intermediate m-gos are obtained. It is revealed that the
convergence of the marginals m-gos implies the convergence of the joint df. Moreover,
the conditions, under which the asymptotic independence between the two marginals
occurs, are derived.
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1. INTRODUCTION

Generalized order statistics have been introduced as a unified distribu-
tion theoretical set-up which contains a variety of models of ordered rv’s. Since
Kamps [7] had introduced the concept of gos as a unification of several models of
ascendingly ordered rv’s, the use of such concept has been steadily growing along
the years. This is due to the fact that such concept includes important well-known
concepts that have been separately treated in statistical literature. Theoretically,
many of the models of ordered rv’s contained in the gos model, such as oos, or-
der statistics with non-integral sample size, sos, record values, Pfeifer’s record
model and progressive type II censored order statistics (pos). These models can
be applied in reliability theory. For instance, the sos model is an extension of
the oos model and serves as a model describing certain dependencies or interac-
tions among the system components caused by failures of components and the
pos model is an important method of obtaining data in lifetime tests. Live units
removed early on can be readily used in other tests, thereby saving cost to the
experimenter. The concept of gos enables a common approach to structural simi-
larities and analogies. Known results in submodels can be subsumed, generalized,
and integrated within a general framework. Kamps [7] defined gos by first defin-
ing what he called uniform gos and then using the quantile transformation to
obtain the general gos X (r,n,m,k), r =1,2,...,n, based on a df F', which are
defined by their probability density function (pdf)

1(:’721;.1?.)’%”(:61, T2, ey :L‘n) =
n n—1

= (TTw| | TT=F)) = flay) | Q=Flan)™ " flzm) |
j=1 j=1

where F71(0) <21 <...<2, < F Y1), 7% =k>0, 7% =k+n—r+ Z?:_Tl mj,
r=1,2,...,n—1, and m = (my, ma,...,m,_1) € R?"L. Particular choices of the
parameters 1,72, ..., 7, lead to different models, e.g., m-gos (v, = k+(n—r)(m+1),
r=1,2,.,n—1),008 (k=1,7=n—r+1,r=1,2,...n—1) and sos (k = au,
Yv=m—-r+1apr=12,..,n—1)"%L

Nasri-Roudsari [10] (see also Barakat [2]) has derived the marginal df of
the rth m-gos, m # —1, in the form p{mk) (z) = Ig,,()(r, N — 7+ 1), where
Gu(x)=1—(1—F(z))™ =1 - F"t(z), I(a,b) = m [t 1 =)t
denotes the incomplete beta ratio function and N = mLH +n — 1. By using the
well-known relation I;(a, b) = 1 — Iz,(b, a), where £ = 1 —z, the marginal df of the
(n —r 4 1)th m-gos, m # —1, is given by @gﬁfiln(w) =Ig, @) (N—R-+1,R;),

where R, = WL_H + r — 1. Moreover, by using the results of Kamps [7], we can
write explicitly the joint pdf of the rth and sth m-gos m # —1, 1 <r < s < mn,

!See, for instance, Kamps ([7]).
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m, _ Csf ,n =m r—
P @) = Tt =y F @ (F(@)
(1.1) < (gm(F(y)) — gm(F(2))) " F¥"Yy) f(z) f(y) ,

—o<r<y<oo,

where Cs_1,, = szl vj- In the present paper we develop the limit theory for
gos, by revealing the asymptotic dependence structural between the members
of gos, with fixed and variable ranks. Namely, the limit joint df of the m-gos
X(r,n,m,k) and X(s,n,m,k), when m # —1, is derived in the following three
cases:

(1) Lower extremes, where 7, s are fixed w.r.t. n and upper extremes,
where 7 =n—7r+1, §=n—s+ 1, where r, s are fixed w.r.t. n.

(2) Central case, where r,5s — o0 and § — A1, x — A2, where 0 < A1 <
A2 < 1,a8 N — oo (or equivalently, as n — 00). A remarkable example
of the central oos the pth sample quantile, where r, = [np], 0 < p < 1,
and [z] denotes the largest integer not exceeding x.

(3) Intermediate case, where r,s — oo and %, % — 0, as N — oo (or
equivalently, as n — o0). The intermediate oos have many appli-
cations, e.g., in the theory of statistics, they can be used to esti-
mate probabilities of future extreme observations and to estimate
tail quantiles of the underlying distribution that are extreme relative
to the available sample size, see Pickands [12]. Many authors, e.g.,
Teugels [14] and Mason [9] have also found estimates that are based,

in part, on intermediate order statistics.

Everywhere in what follows the symbols ( =~ ) and ( %» ) stand for con-

vergence, as n — oo and the weak convergence, as n — oo.

2. THE JOINT df OF EXTREME m-gos

The following two lemmas, which are originally derived by Nasri-Roudsari
[10] and Nasri-Roudsari and Cramer [11] (see also Barakat [2]), extend the well-
known results concerning the asymptotic theory of extreme oos to the extreme
m-~gos. These lemmas can be easily proved by applying the following asymptotic
relations, due to Smirnov [13]:

I (nAy) —61n < I, (r,n—r+1) < I'v(nAy) — don ,
if nA, ~ A < 00, as n — oo, and

1-Tp(nA,) —6op < Ia,(n—7r+1,7) <1-T,(nA,) — 61n ,
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if nA, ~ A < oo, as n — oo, where I';(z) = F(lr) Jo t"te tdt is the incomplete
gamma function (Gamma df with parameter r), d;, > 0, 6,50, i = 1,2, and

0< A4, <l

Lemma 2.1. Let m > —1 andr € {1,2,...,n}. Then, there exist normal-
izing constants ¢, > 0 and d,,, for which

(2.1) <I>£,’;'f;k) (cnz +dn) = I, (cpptdn) (T N =7+ 1) % @fam’k)(x) ,

where ™) (x) is nondegenerate df if, and only if, there exist normalizing con-

stants o, > 0 and f3,, for which @ﬁ?ﬁl)(anw + Bn) == Tr (V) 5(x)), > 0. In this
(m,k)

case ©; " (x) =T (V;5(2)), j € {1,2,3}, where Vi(x) = V1. 5(z) = €”, V x;
_ (_J")_B7 $§07 N O, fL’SO,
Vep(w) = { 0, x> 0; Vap(@) = xﬁ, z>0.

Moreover, ¢, and d,, may be chosen such that ¢, = ayn) and dn, = By, where
Y(n) = n(m + 1). Finally, (2.1) holds if, and only if, NG, (cpx + dpn) =77 Vj g(x)
(note that N ~ n, as n — o0).

Lemma 2.2. Let m > —1 andr € {1,2,...,n}. Then, there exist normal-
izing constants a,, > 0 and b,,, for which

(22) (I)(m,k) (anl' + bn) = IGm(anaH—bn)(N — RT + I,Rr) % (i)gm,k) (LL‘) ,

n—r+1ln

where CiJ,(ﬂmk) (x) is nondegenerate df if, and only if, there exist normalizing con-

stants &, > 0 and Bn, for which <I>$ZO_’1T)+1m(dn3: + Bn) % 1-TUi(x)), a>0.
In this case &™) (¢) = 1T, (U™ (), i € {1,2,3}, where Uy (2) = Usa(x) =
e T Vo

Uno () — { oo, x<0, U () — { (—2)*, <0,

™% x>0; 0, x>0.

Moreover, ay, and b, may be chosen such that an, = A,y and by, = B¢(n), where
(n) = n71. Finally, (2.2) holds if, and only if, NGy (ana + by) = U (2).

We need the following three lemmas proved in the Appendix and individu-
ally express interesting and practically useful facts. These lemmas provide us with
the asymptotic lower and upper bounds for the joint df’s of extreme gos. There-
fore, they can be applied to estimate the error committed by the replacement of
the exact joint df’s of extreme gos by their limiting (see Remark 2.1). Through-
out Lemma 2.3, we assume that 1 <r < s < n, while we assume 1 <s<r<n
and 1 <r,s<n, $=n—s+1in Lemma 2.4 and Lemma 2.5, respectively.
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Lemma 2.3. Let ¢, >0 and d,, be suitable normalizing constants, for
which the limit relations @&T{k)(xn) — T (V) 5(x)) and @g?{k)(yn) —5 TV 8(y),
j €{1,2,3}, hold, where z,, = c,x + d,, and y, = ¢,y + d,,. Then the normalized

joint df @ﬁfﬁz’ﬁ)(xn, yn) of the rth and sth m-gos, m # —1, satisfies the relations

((T_O;;ﬂ) /0 stT (NGm(yn) — ’LL) ur_le_“ du <
(2.3) < @) (n, yn)
A +pn)

NGm(zn)
< T, Poer(NGimlyn) —wju' e ™"du, - Vo <y,

where pn,on — 0.

Lemma 2.4. Let a, > 0 and b, be suitable normalizing constants, for
which the limit relations ®{"") () ~% 1 —Tp, (U™ (x)) and DU () 21—
I‘RS(L{ZLH(y)), i €{1,2,3}, hold, where z,, = apx + by, Yy = apy + b, and © =
n—r+1<n—s+1=35. Then the joint df of the th and 5th m-gos, m # —1,
satisfies the relation

Ch (N+Rs) ¢ —bghami
(N+ RS)RT »/(\N-&-RS Gm(zn) /(\N_,'_RS)Gm(yn) € %

Gm/(zn) Gm(yn)
0

(2.4) X <1 NiR

< q)(m,k) (xru yn)

™,8m

+

—R,
) (6—0)"""ldode <

_ 1 N
< 1-Tg, (NGpn(zn)) ~ TR /NG ( )IN@?W (Rs, R, — Ry tfr~Ye tdt |

L(N+1)
['(N—R,+1) [(R,—R,) T'(Ry)’

where C), =

Lemma 2.5. Let ay,c, > 0 andb,,d, be suitable normalizing constants,

for which the limit relations ®{" (z,) % &™) (z) = T,(V; 5(x)), j € {1,2,3},

and @gﬁ’k) (yn) —> @gm’k)(y) =1-Tp, (L{Z-%H(y)), i € {1,2,3}, hold, where x,,=
cpx + dy, and y, = any + b,. Then, for all large n and for all x and y, for which
Vjp(x) < oo, ie., (™) (x) <1andU;(y) < oo, ie., ) (y) > 0, respectively,
the joint df of the rth and $th m-gos, m # —1, satisfies the relation

() (@) 0 (ya) < BV (i, )

b
rn & r,8:mn

(2.5) < T (NGi(2n)) (FRS (N) =g, (N @m(y”))> '

The first inequality of (2.5) holds for all z,y.
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Theorem 2.1. Under the conditions of Lemma 2.3, 2.4 and 2.5, we get
respectively

FS (ijﬁ(y)) ) x 2 Y,
(26) cﬁg“?;yrlj)(x’rhyn) %} 1 Vj,5(2) 1w
(7«_1)'/0 Lo (Viply) —u)u e ™ du, v <y,
(2.7)
L= Tr, (U7 () >y,
m w 1
(I);é:’r? (@n,yn) 5> § 1 —Tr, (UZZH(:E)) “T®) X

X f;Znaﬂ(x) Iu:zjl(y) (Rs, R.—Rs)tfr—le7tdt, x<y,

t

and

(2.8) U (@, ) o L) (@) B () = D0 (Vi (@) [1- T, U7 () |.

r,8mn

Proof: By noting that @g?;’ﬁ)(xn,yn) :@éf?;’“)(yn), if y <z, the relation (2.6)

follows by applying Lemmas 2.1 and 2.3. In view of (2.2), (1.1) and the condition
of Lemma 2.4, the relation (2.7) follows in the case of y < z. On the other hand,
since both of the lower and upper bounds of (2.4) are equivalent to (as n— o0)
1-Tg,(NGm(2n))— ﬁ fjifvém(mn) INL'WZ(%) (Rs, R.—Rs) tf~le~!dt, then the re-
lation (2.7) in the case x <y, follows by applying Lemmas 2.2 and 2.4. Finally,
by combining Lemmas 2.1, 2.2 and 2.5, the relation (2.8) follows immediately. [J

Remark 2.1. One of the referees of the paper suggests a dexterous short
proof of Theorem 2.1 based on the result of Cramer [5]. Namely, we get with
the notations of Cramer [5] for two lower gos X; = X(t,n,m, k), t =r,s, r <s
(Z; are iid standard exponential 1v’s; u(z) = —log(1—F(x)); and 7, , = k+(m+1)
(n—j))

P(Xy<an, X<yn) = P(Z 4 <ulwn), Y ﬁ < U(yn)>

_]:1 ’Yj,n 7]7”
= P(Aﬁn gn(m—i—l) U(l’n) 5 Ar,n"‘Ar,s,n gn(m—i—l)u(yn)) )

T

where Ay, =n(m+1) Y f—] converges to a Gamma distribution with param-
j=1 Jm

eter r and A, 5, converges to a Gamma distribution with parameter s —r + 1.

Moreover, A, and A, ,, are independent for any n. Provided that F' is in the

domain of attraction of a minimum-stable distribution we get that n(m+1) u(zy)

(n(m + 1) u(y,)) converges appropriately to some function V(z) (V(y)). Hence,

the limit df is of the type P(A, <V(x), Ay +As_r11<V(y)), where A, and As_, 11
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are independent gamma distributed rv’s with parameters given above, respec-
tively. This proves the result in (2.6). Similar arguments can be used in proving
(2.7) and (2.8). Although, this short method directly results the limit joint df’s,
but our lengthy method provides more informative results (Lemmas 2.3-2.5),
which enable us to estimate the error committed by the replacement of the exact
joint df’s of extreme gos by their limiting. Actually, in view of the slow rate of
convergence of oos (and consequently the gos) (cf. Arnold et al. [1], Page 216),
Lemmas 2.3-2.5 are of a remarkable practically importance.

Example 2.1 (The limit df’s of the generalized range and midrange).
Under the conditions of Lemma 2.5 the left and the right extreme m-gos, is asymp-
totically independent. Therefore, if there exist normalizing constants a,, ¢, > 0
(mvk) (
rin

and by, d,,, for which a,,/c, = ¢ > 0 and the limit relations ®;

1-Tp, (U (@), i€{1,2,3}, and @™ (cpx + dy) 5 T, (V 5(2)), j€{1,2,3),
hold, then in view of Lemma 2.9.1 in Galambos [6], the generalized quasi-ranges
R(r,n,m,k) = X (7,n,m, k) — X (r,n,m, k) and the generalized quasi-midranges
M(r,n,m,k) = %(X(i’, n,m, k) + X (r,n,m, k)), r=1,2, ..., satisfy the relations

P(R(r,n,m, k) < anz+by—dn) —— [1—Tr U ()] * [1 = Tp(Vjp(—cx))]
and
P(2M(r,n,m, k) < anz+bp+dy) % 11— FRT(U,ZZ"_I(I'))] * [[r(Vj (ca))]

respectively, where the symbol x denotes the convolution operation.

3. LIMIT df’s OF THE JOINT CENTRAL m-gos

. . _ r
Consider a variable rank sequence r =r, —> 00 and /n (5 — )\) 0,

where 0 < A < 1. Smirnov [13] showed that if there exist normalizing constants
an, >0 and [, such that

3.1) %D (ana + Ba) = Ipaperp,) (rn—r+1) —= O (z;))

where @Y (z; \) is some nondegenerate df, then ®©(z; \) must have one and
only one of the types N (W;.5(z)), i =1,2,3,4, where N(-) denotes the standard
normal df,

—clz?, <0,

o0, x>0,

—o0, <0,

W2;ﬁ($) = {

Wl;ﬁ(x)_{cxg >0

| |B 0 —oc0, < -1,
—cijz|”, <0,

W3;[3(33):{62$B’ 2> 0, Wyg(z) = Wy(z) =< 0, —1<z<1,

oo, x>1,
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and 3, ¢, c1,co > 0. In this case we say that F' belongs to the A-normal domain
of attraction of the limit df ®©1)(z; \), written F € Dy(®(z; \)). Moreover,
(3.1) is satisfied with ®©V(z;\) = N (W;.5(z)), for some i € {1,2,3,4} if, and

only if,

Flapz + Bn) — A
vn i

where Cy = y/A(1 — ). It is worth to mention that the condition v/n (£ — \)
—— 0 is necessary to have a unique limit law for any two ranks r, 7/, for which

o Wi,ﬁ(x) )

lim £ = lim % (see Smirnov [13]).
n—~oo n—oo

Barakat [2], in Theorem 2.2, characterized the possible limit laws of the
df (I)Ssz}rl o(x). The following corresponding lemma characterizes the possible

limit laws of the df @\ (). The proof of this lemma follows by using the same
argument which is applied in the proof of Theorem 2.2 of Barakat [2].

Lemma 3.1. Letr = r, be such that \/n (% —/\) —~ 0, where 0 < A < 1.
Furthermore, let m; = mg = ... = my_1 = m > —1. Then, there exist normaliz-
ing constants a,, > 0 and b,, for which

(3.2) ) (apx + by) —o DR (25 0)
where ®™F)(z: \) is a nondegenerate df if, and only if,

v Enlent ) 22—y
Cy

where ®(™) (2; \)=N (W (z)). Moreover, (3.2) is satisfied for some nondegener-

ate df ®(™k) (z: \) if, and only if, F € Dim)yN (Wis(x))), for some i € {1,2,3,4},
e — Cy

where A(m) = 1—=A""" and A = 1—\. In this case we have W (x) = Mm) (m+1)-

-Wi.g(x), where C} = % (note that, when m = 0, we get W(z) = Wi;g( x)).

We assume that in this section in all time that » = ry, s = s, > 0o and
V(s — M), vn(s — A2) 7 0, where 0 < Ay < Ag < 1. Moreover, we assume
that there are suitable normalizing constants a,, ¢, > 0 and b,, d,, for which
(M) (anz + bp) — ®(mk) (; A1) and @g%k)(cny +dp) —— ®(MF) (3: Ay), where
®mk) (z: A1) and ®™F)(y; \y) are nondegenerate df’s. Let (137(%’5) (z,y) be the
joint df’s of rth and sth m-gos, m # —1, in view of (1.1) we get @5«@’5) (x,y) =

oM (y), y < x, and

<I>$ / /F(y gm —Ys— 1 £m+1)

(3.3) —
x (gmtt — gt dnd§,  x<y,

_ (m+1)2T'(N+1)
where O = ry—o ) o)1 (sor 1)1
is an essential tool in studying the limit df of the joint central m-gos.

The following lemma proved in the Appendix
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Lemma 3.2. Let \; = N+1’ vi=1—=X; 7 = \/]i‘;fl, i=71,8 0< Rs =
;\rgl s % <1, UV () = Gm(:cTr;) A g@ () = 7@,”(;2)—&7 Ty = apr + b, and

Yn = Cny + dn,. Then

Ui (@) (U (y)
Q%?amwm—/n / Wio(€,m) dé dn

_ (€242 —2tnRrs)

uniformly with respect to x and y, where W, 4(£,1) = —~———¢ 2(1-Ri)
’ 2m\/1—R2

Lemma 3.2 directly yields the following interesting theorem.

Theorem 3.1. The convergence of the two marginals @ﬁ?ﬁ”“) (z,,) and
o{mk) (yn) to nondegenerate df’s ®(™F)(z;\;) = N (W (z)) and &™) (y; \g) =

N (W(y)) respectively, are necessary and sufficient condition for the convergence
m,k

of the joint df ®; X’ (Tn,yn) to the nondegenerate limit

N W(z) (W(y) _ (24n?—2enR)
eyt = e [ [ e
V1 —
where R = i;g:if; Moreover, in view of Lemma 3.1, we deduce that the

convergence of the joint df q)&fﬁ;ﬁ) (Zn,Yn), as well as the convergence of the two

marginals olm )(xn) and @gm’k)(yn), occurs if, and only if, with the same nor-
malizing constants, we have F' € Dy, (m)(N(Wig)) and F € Dy, ) (N (Wj,a)), for
1l —
some 4,5 € {1,2,3,4}, where \y(m) =1—X""" and \y = 1 — N, t = 1,2. In this
C3 ~ C3
case we have W (zx) = glfm) (m+1)W;.s(x) and W(y) = 2?;(:) (m+1)W;.e(y),

WhereC’j\‘t:& t=1,2.

4. LIMIT df’s OF THE JOINT INTERMEDIATE m-gos

Chibisov [4] studied a wide class of intermediate oos, where r =1, =
2n®(1+0(1)), 0 < a < 1, and he showed that if there are normalizing constants
ay > 0 and 3, such that

(4.1) cbg’?ﬁl)(anm +6n) = IF(ozn:c—l—ﬂn)(ra n—r+1) %} (I)(O’l)(x) )

where ®(1)(z) is a nondegenerate df, then ®(1)(z) must have one and only one
of the types N(V;(z)), i = 1,2, 3, where Vi(x) = z, Va, and

(4.2) V2(x):{—ﬁln|x|, r <0, VB(:U):{—OO, <0,

00, x>0, Bln|z|, =z>0,



Generalized Order Statistics 11

where (3 is some positive constant. In this case F' belongs to the domain of at-
traction of the df ®(OV(z), written F € D(®V)(z)). Moreover, (4.1) is satisfied
with ®D (z) = N'(Vi(x)), for some i € {1,2,3} if, and only if,

nF(apx+ 6y) — 1, Vi)
VT S

Wu [15] generalized the Chibisov result for any nondecreasing intermediate rank

(4.3)

sequence and proved that the only possible types for the limit df of the interme-
diate oos are those defined in (4.2).

Barakat [2], in Lemma 2.2 and Theorem 2.3, characterized the possible
limit laws of the df of the upper intermediate m-gos. The following corresponding
lemma characterizes the possible limit laws of the df of the lower intermediate
m-gos. The proof of this lemma follows by using the same argument which is
applied in the proof of Lemma 2.2 and Theorem 2.3 of Barakat [2].

Lemma 4.1. Let mj =mg=..=my_1 =m > —1, and letr, be a non-
decreasing intermediate rank sequence. Then, there exist normalizing constants
ap >0 and b, such that

(4.4) O™k (anw + by) o @R (z) |
where ®(™F)(z) is a nondegenerate df if, and only if, NGm(a:L/%b")_TN —— V(x),

where ®"™F)(z) = N'(V(z)). Furthermore, let r* be a variable rank sequence de-
fined by vy =r,_, ., where O(n) = (m+1)N (remember that N = mL_H +n—1,
then O(n) =n, ifm =0, k = 1, i.e., in the case of oos). Then, there exist normal-
izing constants a, > 0 and b, for which (4.4) is satisfied for some nondegenerate
df ®™F)(z) if, and only if, there are normalizing constants a,, > 0 and (3, for
which @59173 (o + Bp) % ®OD(z), where ®(V(z) is some nondegenerate df,
or equivalently % — Vi(x), i € {1,2,3}, and @O (z) = N (V;(x)).
In this case, we can take an, = ag(,) and by, = Bp(,). Moreover, P (k) (x) must
has the form N (V;(z)), i.e., V(z) = Vi(z).

In this section we consider the limit df of the two intermediate m-gos n, =
Arnstl=be and = HEMINZ where i < 12, 2y 5 3, 0<an, <1,
l1,lo > 0, and an,c, > 0, b,,d, are suitable normalizing constants. The main

aim of this section is to:
1 — Prove that the weak convergence of the df’s of 7, and (; implies the
convergence of the joint df of n, and (s;

2 — Obtain the limit joint df of 1, and (s and derive the condition under
which the two statistics 1, and (s are asymptotically independent.
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We can distinguish the following distinct and exhausted two cases:

A) s—r 57 ¢, 0<c< o0, and B) s—r -7 .

Remark 4.1. Under the condition A), we clearly have l;=12, a;= g =a.
Moreover % —= 1. Finally, under the condition B) we have the following three
distinct and exhausted cases:

Bi1) ag > ai, which implies % —~ 0.

By) a =ai = a, Iz >y, which implies £ —~ 7

Bg) g = Q1 = Q, ly = ll, which implies g o 1.

The following, corresponding lemma (proved in the Appendix) to Lemma 3.2,
characterizes the possible limit laws of the joint intermediate m-gos.

Lemma 4.2. Let @gn;.’rlf)(xn,yn):P(nr<x (s<y), 0<R,s= :\\thijg <1,

T—)R RTS%\/i R, 0<R<1, zp= anx +bp, ynp= cpy +dp, U'r(z)( ) GM(iz)iAr7
U7$2)(y) = % Ni =N Ti = 1/\\71111 andv;=1—\;, i =r,s. Then

§ +7] —2€&nRrs)

2(1- R%s) dé’ d’r/

U (@) U (y
TSTL( Y ) 271'\/@

converges to zero uniformly with respect to x and y.

Lemma 4.2 leads to the following theorem.

Theorem 4.1. Let x,= ap® +bn, Yyn= cpy+dn, -, > 5~ 0, L 7 R, and

R.s = VR, 0 < R < 1. Then the convergence of the two marginals <I>( )( n)
and d{F) (yn) to nondegenerate limit df’s ®(™F) (z) = N (V (z)) and ™k (y) =
N (V(y)) respectively, are necessary and sufficient condition for the convergence

of the joint df @54?;’5) (Tn,yn) to the nondegenerate limit

(m,k) w _ (40’ —2¢nVR)
(br,S:’n («Tmyn) n 271_\/1_7 2(1-R) dé‘ d77 .

Moreover, in view of Lemma 4.1, we deduce that the convergence of the joint df

‘Pﬁ«n;,}i) (Zn,yn), as well as the convergence of the two marginals o™ )(a:n) and

<I>(m k) (yn), occurs if, and only if, there are normalizing constants o, v, > 0 and
B, 6n for which <I>(O D(oznx—i—ﬁ ) —— ®OD (z) = N(Vi(z)) and <1>( :)(yny—{—d )
THI)(O’I)( ):/\/'(V]( ), for some i, j €{1,2,3}, where r*=r,__ 1(N),S::SQ Lo
and O(n) = (m+1)N. In this case, we can take CLn—Oég( )» Cn="6(n)s On=DBon)

and d, = 0g(n). Moreover, V(z) = V;(x) and V(y) = Vi(y). Finally, the two

marginals are asymptotically independent if, and only if, © —~ 0, i.e., R =0.
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APPENDIX

Proof of Lemma 2.3: In (1.1), consider the transformation & = F'(u),
n=F(v), we get

(I)(m ") (xna yn) =

r,8mn

(A1) F(an) (Flyn) _ _
_ C;/ / gm ﬁ'ys—l (1_§m+1)r—1 (fm—H _ ﬁm-i-l)s—r—l d77 df ’
0 3

_ = Co1m . .
where n=1—-n, (£ =1-¢ and C}; = I 11)'(5 = Again, by using the

transformation 1— &7+ = 2, 1— 7™+ = w, we get

mxn) Yn —m—1
(A.2) UM (z,,y,) = CF* / / (1—w) ¥ 2w —2)" " dwdz,
0
where C}* = (mil) On the other hand, we have %m+1 = N—s and
(r=)!'(s—r—-1)1Cy* [= v _ [ (N=j+1) _
(N—s)® (N—=s)* (m+1)* (N—s)*

ST o N (1 . >_
= sy _<1+N(1+ (1))) 1 N (14+0(1))) =
(1

_1+s2 1 [/s2—5
N N N

where 0 < py = 5 (s2+5) (1+0(1)) 5 0. Therefore, by using the transforma-
tion w = Nﬂs, z= Ndis and the inequality (1—2)"<e ™ V0<z<1 (cf. Lemma
1.3.1 in Galambos [6]), we get

+o 1)) = 1l+4+pn,

C** (N=8)Gm(zn) f(N—5)Gm(yn) 0 N—s
— n 1— r—1np_ 4\s—r—1
<N-s>s/o R

+pN / / —0¢T‘ 1( Qb)S_r_l do d¢

~ (r=D!(s=r-1)!
1+ pN NGm (xn u
= ((r 1)_)/0 [y T‘(NG (yn) — u)u e vdu .
On the other hand, by using the transformatlon %f Nir? = o in
(A.2), and noting that (T_l)'((]ffrr;l)!cy = Hﬂ(l( 5 ~) _ ( +o )) 1—

\_//—\
~—
I

S5y SR (L o(1) =1 (5 X5 S (1 0(1)) =1 4

)(
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1 — o}, we get, by using the inequality e™™* < (1+2)7", V0 <2z <1,
‘I’(m’k)(l’n,yn) =

r,8:n

o (N+7)Gm(zn) /G (zn) (N+7)Gm (yYn)/Gm (yn) o
(N+7)* / / 6=9)
0 )

. 0 —(N+r) 0 2r—1 b —s

1 F(m+1 NGm(zn) NGmyn) (N+r)
((TU Di(s— / / )T <1+ ’ > d d¢

Y

N+
]. O'N NGm(zn NGm(yn 1 ) 79
= pr e el dgd
— (r— 1 (s—r—1)! / / ¢ ¢
_ (1—UN) NGm(zn) o
=) Pomr (NGrn(yn) = u)u’ e du .
where on =1 — (1 — o%) FO"Ds(2,) — 0 (note that F"+Ds(z,) ~1).
The lemma is proved. -

Proof of Lemma 2.4: We begin with the relation (A.1), after replacing
r and s by - and 3, respectively. By using the transformation "=z 7"l =w
and noting that n —r = N—R,,n—s = N—R,, Yp—s41 = (m+1)Rs and Cs_; ,,=

ON—Rom = (m+ DNFRA IR N — 1) = (o DN RATOD e gt

Gm (yn)

1 z
(A.3) ‘I)giﬁ)(xmyn) = Cn/_ )/_ wits =L (1= 2)N =B (z —w) =B Lqyy dz |
(N+1)

where C, = T(N=R; Jj)l]“\i;ii RTRY)" Again by using the transformation w=

Ner, 7= N?RT and the inequality (1 — 2)" <e ™ V0 < z <1, we get

¢ /<N—RT> /¢ oo e
< - e R p—g) Rl dp dg .
(N=Rp)E JN_R (@) S (N=R)Gom(yn)

I(R,—Rs)T(Rs) Cn
(N—Rp)Hr

~ 1, as N—oo (i.e., as n—o0), and noting that (N—R,)-
G (1) ~ NGop(2), (N—Rr)ém( Yn) ~ NGp(yn), as N — oo, we get

Now, by using Stirling’s formula (cf. Lebedev [8]), we have
e_Rr(l_%)f(N+%)

(m,k) o pRs—1 R,—Rs—1
LN < 0 -0 do d
pain (Tn:Yn) < L'(R, R /NG xn)/NG (yn) (#=9) ¢
1 N Ro—1_—¢
= T 1—Iye Ry, R.—Rs) ) d
[(R,) /Ncmmfb g G )@

_ 1 N 1
= 1—FRT(NGm(fEn)) - F(Rr) /];]é ( )ING’W;,(:U’VL) (RS,RT—RS)tRT le=tdt .
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On the other hand, by using the transformation - = %Rs’ 1= = ﬁ in

(A.3) and the inequality e < (14 2)7", V0 < z < 1, we get

C > ¢
() _ G / / pra—1
i ) = NGRS Jivs oot Jivin, s

Gm(zn) m (Yn)
6\ FRIF2R 0 R ,
x <1+N+R ) (1+N+R ) (p—0)FLagde
> (N+Rs) ¢
ZNCJZ%LR/ G()/ é()ei%er
(N+Rs) vt Ry Gmlen) J (v 4 Ry) Grnlom)
o N
x <1+ N R ) (p—0)F "L agde .
S
The lemma is proved. O

Proof of Lemma 2.5: The proof of the lower bound follows from the fact
that the gos are positively quadrant dependent (see Barakat [3]). To prove the
upper bound, in view of (1.1), we have

k

(A4) Flwn) pFyn) _ _ _
=0, [ e gy g g e,
0 3

Cn—s,n
(m+1)n—s—1 (r—1)! (n—s—7)!"
the lemma, it is easy to show that V(x,y), for which V; g(x),U; o (y) < oo, we have
Yn = w(F) =sup{x: F(z) < 1} > inf{z : F(z) > 0} = «(F) < xp. Therefore,
for all large n, the relation (A.4) holds, Vz,y, for which V; g(x),U; « (y) < co. Now,

vV, < Yn, where D,, = Now, in view of the conditions of

1 1 ¢ 1_ n 1_ 3 Yn—s41—m—1
by using the transformation 1—£™ ¥ =v, 7 "!=u and noting that T*==tL="=— =
Rs—1, we get

Gm(zn) pl-v
(m,k) __Da Rs—1,r—1 —s—
(I)r,S:n ($n7yn) - (m+1)2[) /m(yn)u v" (1—U—U)n ST dudv .

Therefore, by using the transformation u= N_%S_T, V= }Zzg—r and the inequal-
ity (1—2)" <e ™, V0 <z<1, we get

(I)(mvk) - [NOmlen) (N Rs—1_r—1 _—(w+z)
r.sm ('CCN7 yn) S Cn B w z e d’u) dZ s
’ 0 (N=Rs—7)Gm(yn)

where C,, = CESIE (N[f;% — R On the other hand, by using Stirling’s formula,
we get
= CN-Ryn
IL'ir)C, = s
() (m+1)N=Rstl (N— R —r)Bstr T(N—Rs—1r+1)
'(N+1) 1

T(N—Ry—r+1) (N—R,—7)B-+"T(R,)  T(Ry)

Therefore, since (N—Rs—1) G (yn) ~ NGy (yn), we get the upper bound of (2.5).
The lemma is proved. O
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Proof of Lemma 3.2: For given € > 0, choose T large enough to satisfy
the inequalities 7 < e and N'(-T) <e. If U,(Ll)(:c) < —T. Thus, for sufficiently
large n, we get 1 Ft(z,) <\ — 7T < 1. Therefore, after routine calcula-
tions, we can show that

(m,k) _ ; 1—Fm+1(:0) r—=1/1__ s\N—r
B0 = S £ (1-8)" " de

1 AT_TTTT—I N-—r
< soean ) €Y

1 ! (5_)‘1”)2 r—1 N—r
= B(r, N—r+1) /0 T2 T? ¢ 1=9 d
N+1 1

= 7<N+2)T2 < ﬁ < €.

Since @&?;’ﬁ) (T Yn) < q)ﬁf’ﬁ”“) (), then @5?]5) (Tn, Yn) < €. Similarly, if U,?) (y) <
—T, we can prove that q),ifZ;,’i) (TpyYn) < <I>§T7;’“) (yn) < €. On the other hand, we
have

W@ U W)
[ Wedem dgdn < min(N (UL @), N U W) < <
Therefore, if U,Sl)(x) <-TorUP (y) < =T, we get

UM (@) (U ()
(I)g?;rlj)(xmyn) _/ an(é,n) dfdn < 2e¢.

—0o0 —00

Now, if U,(Ll)(x) > T, then 1 — F™*l(z,) > A\, + 7.T. Therefore, after routine
calculations, we get

Lol < gt [ e
)= B N=r+1) Sy

1 1(€_AT’)2 r—1 N—r
- B(T,N—r—l-l)/o T2T? ¢ (1=9) de

N4l o1
= — < €.
(N+2)T2 = T2

Thus, we also get

(A.5) Qg?%’k) (Yn) — o) (Tnyyn) < 1— ®£%’k) (T5) < €.

r,S:m

On the other hand, in view of our assumptions and Lemma 3.1, we get

Ui @) fUP (y)
—/ / W,a(€,m) dé dy =
|

(A.6) — / o / e Wis(€,m) d€ dn

Td

_52
< dé <
B \/277 UT(LU(QJ) \/27r / $ <
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for sufficiently large n, and
(AT) L (yn) — N (UP W) < e

for sufficiently large n. The relations (A.5), (A.6) and (A.7) show that when
T(Ll)(x) > T, we have \q)ﬁ,?;:,’i) (Tny Yn) —f_(]g(x)fijﬁ)(y) W;.s(&,m) d€ dn| < 3e. Sim-
ilarly, we can show that the last inequality holds for sufficiently large n, if
U7$2) (y) >T. In order to complete the proof of the lemma, we have to con-
sider the case ’Uy(Ll)(l‘)L ]Uéz)(y)] < T. First, we note that, since G, () 577 A1 <
Ao <= G (yn), we have xz, <y,, for sufficiently large n. Therefore, for suffi-
ciently large n, @&?;’5) (Zn,yn) is given by (3.3). Moreover, in this case we have
1—F" i (z,) > N\ — 7, T>0and 1 — F"M(y,) > A\ — 7,7 > 0. Thus,

1_Fm+1(xn) 1_F'm+l(yn)
LR (2, ) = / / o) (w, ) dw dz

Fm+1

A —Tp
/ / " o) w0, 2) duo dz

(A.8) 1-Fm () pAs—7sT
+ T e deds
Ap—1rT z
1—FmHl(z,) pl—Fmtl(y,)
+ / / gogf';:’ﬁ) (w,z) dwdz
Ap—7rT As—TsT

where go&?;’?(w,z) ( ernl)Q 2711 — w)N 75 (w — 2)*7""L. We shall separately

consider, each of the integrals in the summation (A.8):

r—Tr Fm+1(y
/ / A (w, 2) dwdz <

Ar—Tp
S/ /cp,(q";ff ) dwdz

A —Tr
= / /Tll w)N S (w—2)* " dwdz
m+1

I'(N+1) *Hr N 1
= 1— "dz < = <
T(N—r+1)I(r )/0 )T <y < e

(A.9)

1—Fmt 1 (z) pAs—TsT
/ [ ) dw e <
A z

r—=7rT

As—Ts As—7sT
(A.10) < / / @Tfﬁ) (w, z) dwdz

[(N+1) Asmrel ol N 1
= 1— fdw < — <
T(N—s+1) (s— 1)./ (I—w)™dw < 75 < e,

and by using the transformation z = A, 4+ €7, w = Ag + 75, the third integral
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takes the form

1—Fm+1(xn) 1—Fm+1(yn)
/ / A (w, 2) duw dz =
Ar—1T As—TsT ’

U(l) (z U(2)(y)
= rsn/ / grsngn)dnd§7

where
D(N+1) 7,74 )\77:_1 I/év_s()\s W L

Arsn = [(N—s+1) (r—1)! (s—r—1)!

and

(5 ) _ <1 N gTT>7’—1 <1+ _§Tr>s_r_1< - 777_8>N—5
grsn\S, T A, Xo— A\ v :

On the other hand, by using Stirling’s formula T'(M+41) = e ™™

MM (140(1)), as M — oo, we get

(N+1)2T(N+1) 77 AL uN =5 (Mg — A )57

ATS'n -
o D(N—s+1) rl (s—7)!
B 14+0(1) _ 140(1)
N [N+ D (-1  27/1—RZ.
2 s(N—r+1) 2my1 RTS

Also, it is easy to show that
57—’!‘ T 777-5_57-7' s—r nTs N—s
r,sin\S» = (1+5— I+~ 1——
Gr.sm (&5 1) <+Ar M ”
l—i-gj_l 1+777's_€7—r !
Ar As—Ap
PRS0 O PO S PO
Ar As—Ar Vs

(1_ Tt 0(1))> (1— 77;:? (t+ 0(1))>]

(A.11) -

X

2 M -

_ <1+£T’">r (1+77TS_§TT)S_T( _7773>N_8(1+ (&n))
- A Ae— N, ” Pnis: 1))

where py,(§,7)
Furthermore, we have

T, {rr  E217 5 ™
() (5 S )
(A.12) 9 3
B _gw (T
= {n(N+1) ==~ + (ﬁ)

— 0, uniformly in any finite interval (—7,T") of the value  and 7.
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(s—r) 1n<1 + H) =

(A.13) e 5
= m—em) v+ - L OB (v (1)

and

(A.14) (N—ys) ln< — 771/:) = —n1s(N+1) — %772)\5 +o<)\\/§ ) )

Therefore, by combining (A.11)—(A.14), as n — oo (or equivalently as N — 00),
we get

I grsn(é,m) = rln(l—i— f;r) + (s—r) ln<1+ 77;\1;_)&:%) + (N—ys) ln< _ 77Ts>

r Vs

-~ _£2Vr . 7727_52 _25777-T7_s+£27'7? (N+1) _ 1772)\
2 2(As— ) 2 °F

%, Ar 15 Vg 1 TrTs
5 o) AU ) T e\ e o

LA(I=N) [ Ar(1— )
_5 >\s_)\r (5 K _2€n )‘8(1_)‘7“)>7

_ (52“’7]2—2 5”]R'rs)
which implies g, sn(&,m) =€ 2(1-R7) (14 0(1)). Therefore, for sufficiently
large n (or equivalently for large N), we get

1—Fmti(g,)) pl—Fmti(y,) UT(Ll)(x) U,(f)(y)
/ / ok (w, 2) dw dz — / / Wis(8,m) d€ dn
A =T =T

r—TrT As—TsT

< €.

Since,

-1 U2 (y) Ui (z) p~T
/ / W,o(€, ) d dn +/ / Wo(,n) dedy < 2N(-T) < 2
—oc0 J =T —00 —00

UM @) ruiP(y)
/ / Wia(€,m) d€ dn =

u(@) p-T -T (U (y)
:/ / Wr7s(§,n)d§dn+/ /T Wi.s(§,m) d€ dn

U@

/ / W o(&,m) dé dn |
then

1Pt ey,) p1-FmH(y,) U@ U2 )
/ / S (1, 2) dw dz — / / Wia(&,) de di
A A —00 —o0

r—7r T s—TsT

< 3Je.
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By combining the last inequality with (A.9) and (A.10) we get, for sufficient large n,
the inequality

(1) (2)
B (2, ) — / / Wia(€m) dédn| < 5e |

o0 —00

which proves the lemma in the case ‘Uél)(x)‘, ‘Ug) (y)| < T. This completes the
proof. O

Proof of Lemma 4.2: Under the condition of the lemma (0 < R < 1),
we consider only the cases Bj) and Bg). On the other hand, the proof is very
close to the proof of Lemma 3.2. Therefore, we only show the necessary changes
in the proof of Lemma 3.2. For given € > 0, we choose T, large enough to
satisfy both of the inequalities % <e€, and N(—T) < e. In this case it is easy
to see that the proof of the two lemmas coincides in the cases Uy(f)(~) <-T
and U,gt)(-) >T, t =1,2. Therefore, we only prove the lemma under the case
UM (@) < T and |[UP(y)| < T In this case we have 1 — F™(z,,) > A\, — 7,7 > 0
and 1 — F™*(y,) > Ay — 7,7 > 0. Thus, we get

Ap—7T pl=FmTl(y
B (2, ) / / Vo) (0, 2) duw

1— Ferl (zn) pAs—TsT
(A.15) + / / ok (w, 2) dw dz
Ap—1T z
1=FmH () p1—F™ 1 (y,,)
+f / AT (w,2) dw d
Ae—1rT As—TsT
where gpg 5 s)(w, z) = % 2" 11— w)N =% (w—2)*~"~1. We shall separately con-

sider, each of the integrals in the summation (A.15).

Ar—1T 1—F_‘m+1( r—Tr
/ / goﬁ’?,lf)(w z) dwdz </ / g@r’?ﬁ) (w,2) dwdz =
0 z

[(N+1) Ar=eT N 1
— ]- Td T .
F(Nr+1)(r1)!/0 Tz < gy <€

Since |U7(11)(x)| < T, for large N, we get

(A.16) 1— F™ Yz, < A\ + 7T
On the other hand, we have

0, in the case By),
A + 1T

AT AL G
( ) As — 75T l%’ in the case Bs).
2
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Therefore, for large N, the relations (A.16) and (A.17) imply the inequality
1 — F™(x,) < Ay — 75T, which in turn leads to the following estimate for the
2nd integral in (A.15):

1—Fm+l(g) pAs—7sT
/ / 5”;5)(11; z)dwdz <

r—7rT

As—Ts As—7sT
< / / ) (w, 2) dw d

As—Ts
:/ / ”;‘k) (w,z) dz dw

(N+1) Aol N-— 1
_ 1—w)V " dw < — < ¢.
F(N—s+1)(s—1)./ W (l-w)T e < g <€

It is easy to show that, under the cases B1) and Bs), the mathematical treatments
of the third integral of the summation, as well as the remaining part of the proof,
is exactly the same as in the proof of Lemma 3.2. This completes the proof. [
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